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In this paper we use the terminology of [ 11. Graphs G,, Gz,..., G, are 
packed into a graph H, if the edges of H are colored with the colors 
0, l9 2,..., k so that each edge of H has exactly one color, and the subgraph of 
H induced by the edges colored i is isomorphic to Gi for each i E { 1, 2,..., k}. 
Gyarfas and Lehel [3] conjectured that trees T, , Tz,..., T+ , , with Ti 
having size i for each i, can be packed into K,. This conjecture has been 
extensively investigated; see [4] f or a survey of the results so far obtained. 
Graham [2] noticed the following conjecture is a corollary of the 
conjecture of Gyirfas and Lehel. 
Conjecture I.’ If s,, sZ ,..., s,-, are sequences of positive integers such 
that si has length i + 1 and sum 2i for each i, then there is an (II - 1) by n 
matrix M, such that, for each i, row i of M contains O’s and a permutation of 
si, and each column of M sums to n - 1. 
We say that a set of sequences satisfying Conjecture I packs into an 
(n - 1) x n matrix. We can see that Conjecture I is a consequence of the 
Gyarfas and Lehel conjecture as follows: First observe that a sequence s of 
positive integers is a degree sequence of a tree if and only if it has length 
i + 1 and sum 2i for some integer i. Suppose we have a packing of trees 
T, ,..., T,-, in K,, and suppose s, ,..., s,-, are degree sequences of 
T,r..., T,-,, respectively. Number the vertices of K, with 1, 2,..., n. Form 
(n - 1) x n matrix A4 by placing in row i, column j, the number of edges that 
tree Ti has at vertex j in the packing, for each i andj. Then M is a matrix of 
the sort described in Conjecture I. 
* This research was largely carried out during August 1981, at the Centre de Recherche de 
Mathematiques Appliquees, Universite de Montreal, and was partly supported by A. Kotzig’s 
NSERC Grant A9232. 
I After the present paper was submitted. Conjecture I and I1 were proved by Fishburn j 8 I. 
However, the methods used in Theorems l-4 are very different from those of Fishburn and 
are believed to be independently interesting. 
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It will be seen that the theorems already obtained for packings of trees as 
described in [4] can be directly translated into corresponding theorems in 
support of Conjecture I. In particular, we have Theorems A and B: 
THEOREM A (Straight 161). Conjecture I is true if n < 7. 
THEOREM B (Gyirfas and Lehel [3]). Conjecture I is true ifat most two 
of the sequences have more than one term exceeding one. 
Let us say that a sequence of positive integers of length i + 1 and sum 2i 
is a tree sequence, and let us ascribe to any tree sequence the characteristics 
of every tree that has that sequence as a degree sequence. Thus, path 
sequences, star sequences, and sequences of diameter three are defined. In the 
remainder of this paper, a figure which includes a rectangle with a symbol 
like r x s, where r and s are integers, stands for an r x s matrix containing a 
described packing. 
THEOREM 1. Let sequences sl, sz,..., s,~, , with si having length i + 1 
and terms ai.l > ai,z > ... > u~,~+, , be tree sequences such that at most three 
of the sequences are not star sequences. Then a packing of these sequences 
into an (n - 1) X n matrix exists. 
ProoJ This follows from Theorems A and B if n < 7 or if all but two of 
the sequences are star sequences. If s,-, is a star sequence, pack s, ,..., s,-~? 
into an (n - 2) X (n - 1) matrix, add a column of O’s, and add a row 
consisting of n - 1 in the added column of O’s, and l’s elsewhere. If s,,-* is a 
star sequence, form s; _, from s, _ i by deleting one 1, and reducing a, ~ 1, 1 by 
1. Pack s l,"‘, s,-3, g-1 in an (n - 2) x (n - 1) matrix and do the following: 
Move row n - 2 into a new row n - 1, keeping the entries in the same 
columns. Add a new column having O’s in row 1, 2,..., n - 3, an n - 2 in row 
n-2, and a 1 in row n- 1. Increase a,_,,, - 1 by 1, and insert I’s in row 
n - 2 in every column except the new column and the column now 
containing a, ~, , , . 
A 
row - 
n-l-a 
n-l-a are 1 here. 
FIGURE 1 
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Suppose s,~, is not a star sequence. If s,~ i contains a number a such that 
s n _ I -a is a star sequence, let b be another number in s, _, with b > 1. Form 
s ;-1 from s,-, by deleting the number a, a - 1 l’s, and reducing the number 
b by 1. Pack s1 ,..., s,-~-~, sApi, s,-, ,..., sn-* into an (n - 2) x (n - 1) 
matrix and perform the transformation shown in Figs. lA, B. 
Note in Figs. lA, B that (n - 1 - a) + a = IZ - 1 and that each column 
other than the new one is increased by 1 in its sum either in row n - 1 - a 
or in row n - 1, but not in both rows. A similar property will be evident in 
the following figures as well, but will not be pointed out again. 
Thus we may suppose s,- z ans s,-, are not star sequences, s,~, has the 
form (a, a ,..., a, 1, I,..., 1) with a > 1, and sequence s,-,-, is not a star 
sequence. If a & { 2, 3 }, form s;-, from s,-, by deleting two l’s, and 
reducing two copies of a by 1 each. Form s;-~ from s,-, by deleting two 
l’s, and reducing c = u+~,, and d = a,-,,, by 1 each. Pack si ,..., snp5, sLpz, 
S A-i in an (n - 3) x (n - 2) matrix and carry out the transformations 
indicated in Figs. 2A, B, 3A, B, and 4A, B. The cases shown in these figures 
c-l d-l ............. 
......... a-l 
.................. 
...... a a .......... 
FIGURE 2 
c-i d-l 0 n-4 0 0 1 1 ... 1 ............ 
a-l a-l wn;3 ; ,” ; 0 1 ... 1 ... ........ 
.............. 
1 1 a ... a .......... 
FIGURE 3 
A B 
c-l d-l 0 n-4 0 0 1 ..... 1 ........... 
a-1 a-l ........... -;3 ; z ; 1 ..... 1 
........... 
1 1 a a ........... 
FIGURE 4 
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A B 
(n- 6) x (n- 1) I 
J 
n-5 0 0 0 2 2 _.. n-5 1 0 0 0 0 1 .._ 1 
n-4 . . . . . . . . . . . . . . . . . . . . . . 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
n-3 1 _........,......... 1 0 . . . . . . . . . . . . . . . . . . . . . . . . . . 
n-2 ..__.................. __\_I 
0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
31113 3 . . . . . . . . . . 
FIGURE 5 
differ in the columns containing the numbers a - 1 of .sL-, relative to the 
columns containing the numbers c - 1 and d - 1 of sLAz in the packing. 
If a = 3, form s;-i from s,-i by deleting three l’s, one 3, and reducing 
two 3’s to 2’s. This gives s;- i the length n - 4 and sum 2(12 - 1) -3 -3 
-2 = 2(n - 5), so s,‘- r can be used to replace s,~-~. Pack S, ,..., S, -6, s;-, , 
s n--4> s n-3' s npZ into an (n - 2) x (n - 1) matrix M. Then carry out the 
transformations indicated in Figs. 5A, B. It will be noticed that row n - 3 of 
M contains an n - 3, one 0, and n - 3 1’s. Thus one of the I’s in row n - 3 
is in the column of a zero in row n - 5. By a permutation of columns, this 
column is shown as the first column of Fig. 5A. 
If a = 2, form s;-, from s,-, by deleting two l’s and two 2’s and reducing 
two 2’s to 1’s. Form .sAe2 from s,-* be deleting two I’s and reducing 
c = a,-,,, and d = an-2,2 by 1 each. Then s,!- , has length IZ - 4 and sum 
2(n - 5), and s,L-~ has length n - 3 and sum 2(n - 4) so they can replace 
the star sequences s, _ 5 and s, -4, respectively. Pack s, ,..., s, _ 6, sk _, , s; z, 
S n-3 is an (n - 3) X (n - 2) matrix. Then carry out the transformations 
indicated in Figs. 6A, B, 7A, B, and 8A, B. It will be noticed that the 
numbers shown in row n - 5 of Figs. 6A, 7A, and 8A are increased by 1 
each in the transformation as they move from row n - 5 in those figures to 
row n - 1 in Figs. 6B, 7B, and 8B. Thus other cases of the numbers shown 
in row 12 - 4 of Figs. 6A, 7A, and 8A that would seem to need examination 
are actually variations of the cases shown. This completes the proof of 
Theorem 1. 
A 
LOW 
- 
n-5 
n-4 
n-3 
B 
(II- 6) x (n- 2) 
0 n-5 0 0 0 1 1 . . . 1 
c-l d-l . . . . . . . . . .._.. 0 1 0 1 .,. 1 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .._....__..... 
d . . . . . . . . .._._...__ 
2 1 1 . . . . . . . . . . 
FIGURE 6 
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A 
row - 
n-5 
n-4 
n-3 
B 
1 1 0 0 . . . . . . . 0 n-5 0 0 0 1 1 1 . . . 1 
c-l . . . .._...._ d-l _.. n-4 1 0 1 1 0 0 1 . . . I. 
. . . . . . . . . . . . . . . . . . . . . . 
% 
0 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
1 1 c . . . . . . . . . . . d .._....... 
2 2 2 2 1 1 . . . . . . . . . . . . . 
FIGURE 7 
A B 
n-5 
n-4 
n-3 
I I 0 0 I I 
(II- 6) x (n- 2) . . . . (II- 6) x (n- 2) 
. . 
0 0 
1 1 0 0 . . . 
. . . . . . . . . . . . . c-l d-l . . . n-4 1 1 1 1 0 0 0 1 . . . 1 
. . . . . . . . . . . . . . . . . . . . . . . . . . 
% 
0 n-5 0 0 0 1 1 1 1 . . . 1 
0 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
1 1 .._........... c d . . . .._.... 
2 2 2 2 1 1 . . . . . . . . . . . . . . . *.. 
FIGURE 8 
Graham (private communication) has also suggested that Conjecture I 
may be just one example of a larger class of conjectures. We have noticed 
one related conjecture: 
Conjecture II. Let s,, s2 ,..., S, be sequences of positive integers such 
that, for each i, si has length i and sum 2i - 1. Then there is an n x n matrix 
A4 such that, for each i, row i of M contains O’s and a permutation of si, and 
each column of A4 sums to n. 
In case Conjecture II is true, we will say the sequences arepacked into M. 
The author first noticed Conjecture II when he wrote all possible packings of 
tree sequences with lengths up to 5. He observed that, for every choice of 
such sequences, there is a packing in which one column is all 1’s. If this 
column is deleted from both the sequences and the matrix and the notation 
modified slightly, Conjecture II results. For each tree sequence modified by 
the deletion of a 1, let us modify the name of that sequence by affixing the 
adjective reduced. We have tested Conjecture II on the computer for n < 6 
and have found it valid for those cases. Furthermore, methods used in 
packing trees can be modified to obtain the following three theorems. 
THEOREM 2. If sequences s,, s2 ,..., s,, si having length i for each i, are 
reduced tree sequences such that at most two are not reduced star sequences, 
then there is a packing of these sequences in an n x n matrix. 
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a b 1 . . . 1 ._._...... 
throuqh a+ 1. 
FIGURE 9 
ProoJ This has been directly checked for n < 6. Suppose s, is a reduced 
star sequence; then pack s, ,..., s,-, in an (n - 1) x (n - 1) matrix, and add a 
column of 0’s. To the result add a last row containing n below the new 
column of O’s and l’s in every other column. This packs s, ,..., s, in a matrix 
of order n. If s, _, is a reduced star sequence, let a be a number in s, which 
is larger than 1, and form s: from s, by deleting a 1, and reducing a by 1. 
Pack s, ,..., s~-~, s; in a matrix of order n - 1. Then move the entries in row 
n .- 1 into the same columns in a new row n, increase a - 1 to a, place a 0 in 
row n - 1 in the column containing that a, and place l’s in every other 
column of row n - 1. Finally, add a column containing n - 1 in row n - 1, 1 
in row n, and O’s elsewhere. Again s, ,..., s, are packed in a matrix of order n. 
Finally, if neither s,-i nor s, is a reduced star sequence, let a and b be two 
entries of s, which exceed 1. Form s,!, by deleting a and a - 1 l’s, and 
reducing b by 1. Then s; has length N - a and sum 2(n -a) - 1, so it can 
replace s,-, in a packing. Pack s, ,..., s,-,~~, s\~, s~-~+ ,,..., s,-, in a matrix 
of order n - 1 and carry out the transformations indicated in Figs. 9A, B. 
Note that row n-a in Fig. 9A contains a - 1 O’s, which are shown in 
columns 2 through a of that figure. This completes the proof of Theorem 2. 
In Theorems 3 and 4, we will use Theorem C from [5]. 
THEOREM C. I f  n is a positive integer, ifp, > p2 > . .. > pk is a purfition 
of n with k > n/2, and if m is any integer in { 1, 2,..., n}, then there exist 
i, ,..., i, such that m = CJ= 1 pi,. 
THEOREM 3. IfsI,..., s, are reduced tree sequences, si having length ifor 
each i, if s, has at most two terms exceeding 1, and if there is a packing of 
S , ,..., s,_, into a matrix of order n - 1, then there is a packing of s, ,..., s, 
into a matrix of order n. 
ProojI Let A4 be the matrix which is a packing of s, ,..., s,-, . If s, = 
(n, l,..., 1), add a column of O’s to M, and add a row to the result containing 
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an n in the new column and l’s elsewhere. The new matrix of order H is the 
required packing of si ,..., s,. Suppose s, = (a, b, l...., 1) with a > b > 1. 
Since A4 contains Cr:i i= (n - l)n/2 non-zero terms, M has a column, 
column m, containing at least rz/2 non-zero terms. Since each column of A4 
sums to n - 1, by Theorem C there are entries xi ,..., xk of column m whose 
sum is b - 1. Thus we may modify M by adding a new column in which 
x1 ,..., xk appear in the rows in which they reside in h4, and in which O’s 
appear elsewhere, replacing the entries X, ,..., xk in column m by 0’s. Then 
add a new row having the number a in the new column, the number b in 
column m, and l’s in a - 1 other columns. Since a + b = 2n - 1 - (IZ - 2) = 
~1 + 1, each of the column sums of the resulting order n matrix is n. 
COROLLARY. Ifs , ,..., s, are reduced tree sequences such that, for each i, 
si has length i and at most two terms exceeding 1, then s, ,..., s, can be 
packed into a matrix of order n. 
In Theorem 4, we need Theorem D from [.5 1. 
THEOREM D. Let n be an even positive integer. Let p, > pz > ..’ > pnlz 
be a partition of n, and let m be any member of { 1,2,..., n I. Then eithe? 
(1) p1=pz=..~=pnlz=20r 
(2) p1 = (n + 2)/2 andp, = p3 = ... = P,,,~ = 1 or 
(3) there exist i, ,..., i,, such that x,[=, pii = m. 
THEOREM 4. If sl,s2,..., s, are reduced iree sequences such that, for 
each i, si has length i and, with at most one exception, si has at most two 
terms exceeding 1, then there is a packing of these sequences in a matrix of 
order n. 
Proof (By induction). This theorem is known for n < 6. Ifs, has at most 
two terms exceeding 1, then the theorem follows from Theorem 3. Let a be a 
largest term of s,, and form s: from s, by deleting a 1 from s,, and reducing 
a by 1. Pack s ,,..., s,~~, s; in a matrix of order n - 1, and let M be the 
(n - 2) x (n - 1) submatrix in which s, ,..., s,_* are packed. If s,- I = (n - 1, 
1 ,.*., I), increase a - 1 by 1, add a column with O’s in every row but the last, 
and a 1 in the last row, move the last row down to a new row IZ, and insert 
n - 1 in the new column in row n - 1, a 0 in row n - 1 in the column 
containing a, and l’s in all other positions in row n - 1. Thus we may 
suppose s,~~ is (e,f, I,..., 1) with e > f > 1. 
The total number of non-zero terms in M is Cr:: i = (n - 2)(n - 1)/2, so 
the average number of non-zero terms per column of M is (n - 2)/2. By 
rearranging columns if necessary, we may suppose row n -- 1 of the packing 
of s 1 >..a> s,-2, sl, is a - 1, b,, b, ,..., b,- i. If column m E (2 ,..., n - 1) 
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n-l 
przzq;; ;I przrq-111121 
a-l _...__............ e 0 1 . . . .  . 1 f 
L1 a . . . . . . . . . . . . . . . 
FIGURE 10 
includes more than ;(H - 1 - b,n) terms, then by Theorem C, there are 
entries x, ,..., xk in column m whose sum is f - 1. In this, case we may 
transform the packing of s ,,..., snml, s:, as shown in Figs. lOA, B, where 
m = n - 1 is supposed. Thus we may suppose the number of non-zero terms 
in column 1 of A4 is at most 12 - a and, for i E {2,..., n - 1 }” the number of 
terms in column i of M is at most i(n - 1 - bi). Thus the total number of 
non-zero terms in A4 is at most C~:~~(n-1-6,)$n-a= 
(n - 2)(n - 1)/2 + 1 - ia, using the fact that a - 1 t Cy:i bj = 
2(n - 1) - 1. Since the number of non-zero terms in M is (n - 2)(n - 1)/2 
exactly, we have (n - 2)(n - I)/2 < ((n - 2)(n - 1)/2) + 1 - ia, SO a ,< 2. 
Since a is the largest term of s,, then s, = (2, 2,..., 2, l), and thus bi = 2 for 
all i. Thus, if no column, among columns 2, 3,..., n - 1 of M, cotains more 
than (IZ - 3)/2 non-zero terms, then every one of these columns has exactly 
(n - 3)/2 non-zero terms and those terms partition n - 3. By Theorem D, 
each of these columns either contains terms whose sum is f - 1, or contains 
(n - 3)/2 2’s, or contains an (n - 1)/2 and (n - 5)/2 1’s. Since each of 
SlY, s,-2 has at most two entries exceeding 1, among these sequences there 
are at most n - 2, 2’s, and thus at most two columns of M, among columns 
2, 3 ,..., n - 1, are of the second kind. Further, only sequences st, -,,, 2, 
s (n+ 1),2,..., s,_~ can include the entry (n - 1)/2, so only n - 2 - 
((n - 1)/2) + 1 = (n - 1)/2 columns of M, among columns 2,..., n - 1, are of 
the third kind. If any column, among columns 2,..., n - 1, is of the first kind, 
the packing of s, ,.,., s, can be completed as shown before. Thus, if the 
theorem fails, 2 t ((n - 1)/2) > n - 2, or it < 7. If n = 7, then there are two 
columns of two 2’s, and 3 columns containing a 3, and one, 1, in M, among 
columns 2, 3,..., 6. But for n = 7, f < 3 and each possible value off exists in 
one of these columns. This completes the proof. 
Zaks [7] has suggested the following application for Conjecture II: Let 
M, , Mz ,..., M, be identical machines, each capable of doing many different 
jobs, one at a time, and changeable from one job to another in insignificant 
time. Let s, ,..., s, be specifications of tasks for the machines, each 
specification giving a sequence of jobs, and each job requiring an integer 
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number of hours for completion. Suppose the distinct jobs in task si can be 
carried out in parallel, final assembly being done after all specified tasks are 
completed, and suppose different jobs in task si must be done on different 
machines. Suppose si has i jobs whose total time required is 2i - 1 hours. 
Form a matrix assigning jobs to machines such that each machine works n 
hours and thus all specified tasks are completed. This requirement is satisfied 
by any set of sequences for which Conjecture II is true. 
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